In [1] , the authors claim to have found the unitary Cayley graph Cay(M n (F ), GL n (F )) of matrix algebras over finite field F is strongly regular only when n = 2. But they have only cited two special cases to prove it, namely when n = 2 and 3, and they have failed to cover the general cases(i.e. when n = 2 and n = 3). In this paper, we will prove that the unitary Cayley graph of matrix algebras over finite field F is strongly regular iff n = 2.
Introduction
In graph theory, it is of great significance to study the construction and characterization of strongly regular graphs(SRG). [1] in its abstract said n = 2 is a necessary and sufficient condition, but in fact, [1] has only proved n = 2 is a sufficient condition(See Theorem 2.3. in [1] ). So here, we will prove that Cay(M n (F ), GL n (F )) is SRG iff n = 2.
Let F be a finite field, M n (F ) be a matrix algebra over F , GL n (F ) be the general linear group. Definition 1.1. (Unitary Cayley graph) We denote G Mn(F ) = Cay(M n (F ), GL n (F )), the unitary Cayley graph of M n (F ), which is a graph with vertex set M n (F ) and edge set {{A, B}|A − B ∈ GL n (F )}. • Every vertex adjacents to exactly k vertices.
• For any two adjacent vertices x, y, there are exactly λ vertices adjacent to both x and y. * Corresponding author Email addresses: 2016750518@smail. xtu. edu. cn (Yihan Chen), zhangbicheng@xtu. edu. cn (Bicheng Zhang)
• For any two non-adjacent vertices x, y, there are exactly µ vertices adjacent to both x and y.
and does not fix any non-zero vector. In other words, 0 and 1 are not eigenvalues of A.
We denote e n the number of linear derangements in M n (F ) and e 0 = 0. Theorem 1.4. (See [2] .)Let F be a finite field of order q, then e n = e n−1 (q
Preliminaries
Lemma 2.1. (See [1] .) Let n be a positive integer, F be a finite field, then
is |GL n (F )|-regular and for any two adjacent vertices x, y, there exists e n vertices adjacent to both of them.
Lemma 2.2. Let n × n square matrix A = (a 1 , a 2 , . . . , a n ), where a i is n-dimensional column vectors, then we have:
Where k i ∈ F and det((e 1 , a 2 , . . . , a n )) = 0, F is a field with q elements, e 1 = (1, 0, . . . , 0) T .
Proof. First we will prove that if A ∈ GL n (F ) and A + diag{1, 0, . . . , 0} / ∈ GL n (F ), then
. . , a n )) = 0. Let E ij be the matrix whose (i, j)-element is equal to 1 and the rest equal to 0. Assume det((e 1 , a 2 , . . . , a n ))=0, since a 2 , . . . , a n are linearly independent, so e 1 is a linear combination of a 2 , . . . , a n , then 0 =det(a 1 + e 1 , a 2 , . . . , a n ) = det(a 1 , a 2 , . . . , a n ) leads to a contradiction.Therefore det(e 1 , a 2 , . . . , a n ) = 0 and, a 1 + e 1 is a linear combination of a 2 , . . . , a n , ie.
By far, we have proven the necessity of the proposition. Now let's prove the sufficiency. It is known that A+E 11 / ∈ GL n (F ) and a 2 , . . . , a n are linearly independent. Assume det(A) = 0, then a 1 is a linear combination of a 2 , . . . , a n , therefore det(e 1 , a 2 , . . . , a n ) = det(a 1 + e 1 , a 2 , . . . , a n ) = 0 leads to a contradiction. So det(A) = 0, A ∈ GL n (F ).
Results
Let F be a finite field of order q.
Theorem 3.1. We have N :
Proof. Let N 1 be the number of matrices A where A ∈ GL n (F ) and E 11 + A / ∈ GL n (F ), N be the number of matrices A where A ∈ GL n (F ) and E 11 + A ∈ GL n (F ), N 2 be the number of vector collections {a 2 , . . . , a n } such that det(e 1 , a 2 , . . . , a n ) = 0 and N 3 be the number of F -linear combinations of any n − 1 linear independent vectors.
Obviously N 3 = q n−1 . For N 2 , to construct such a matrix, for 2 ≤ k ≤ n the kth column can be any vector in F n except for the q k−1 linear combinations of the previous k − 1 columns,
Hence
Proof. Let D = diag{1, 1, 0, . . . , 0}, then M is the number of matrices A such that A ∈ GL n (F )
By Lemma 2.1, the number of matrices A 1 such that A 1 ∈ GL n (F ) and
is e 2 = q 4 − 2q 3 − q 2 = 3q. Let M 1 be the number of matrices B = (b ij ) such that
To construct such a matrix, we can choose any vector in F 2 except (−1, 0) T as the first column of B, the second column of B can be any vector in F 2 except for the q linear combinations of the first column. Hence M 1 = (q 2 − 1)(q 2 − q).
1. Take a matrix A 1 such that A 1 ∈ GL 2 (F ) and A 1 + I ∈ GL 2 (F ), then the number of matrices which are in GL n (F ) and has A 1 as its leading principal submatrix of order 2
. So the number of matrices A where
2. The number of matrices A where (1) A ∈ GL n (F ), (2) the 2nd leading principal submatrix
3. The number of matrices A where (1) A ∈ GL n (F ), (2) the rank of the 2nd leading principal submatrix A is equal to 1, 
where r = rank(A − B).
Proof. Let N (A) be the neighbourhood of A, then
Consider map
It is obvious that φ is injective and ∀K ∈ H we have K = A − B + X where X ∈ GL n (F ),
Also known by φ(A + X) = K, φ is surjective, hence φ is a bijection,
There exists P, Q ∈ GL n (F ) such that P ( 
, we define the map ψ as following
Obviously ψ is bijective. Hence
Proof. Let A = E 11 , B = diag{1, 1, 0, · · · , 0}, A is not adjacent to 0, neither does B. For n > 2, q 2n−3 + q n−1 − q 2n−2 = 0⇒a = b, hence G Mn (F ) is not SRG.
Theorem 3.5. For n = 1, G Mn (F ) is not SRG.
Proof. Cay(M 1 (F ), GL 1 (F ) is complete graph, hence is not SRG.
By Theorem 2.3. in [1] and Theorem 3.4. and Theorem 3.5. we obtain the following Theorem.
Theorem 3.6. Cay(M n (F ), GL n (F ) is SRG iff n = 2.
So far, we have characterized strongly regular unitary Cayley graphs of matrix algebras over finite field F .
